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Closed-Form Modeling of Fluid-Structure Interaction
with Nonlinear Sloshing: Potential Flow

Jose L. Ortiz* and Alan A. Barhorst^
Texas Tech University, Lubbock, Texas 79409-1021

Closed-form modeling of the dynamics of a structure coupled to a rigid container carrying a fluid with a free
surface is addressed. The coupling of the fluid's equations of motion with the structure's equations of motion is
accomplished by building a boundary-value problem for the instantaneous interaction pressure. All nonlinearities
are taken into account, and large-displacement nonlinear sloshing effects are considered; no simplifications are
made in field equations and boundary conditions. This is a complementary study to a previous work presented
by the authors. The boundary conditions for the interaction pressure when the container has curved walls are
developed. The fluid is modeled as potential flow with modified Rayleigh damping. The end result of the analysis
is a set of first-order differential equations for the motion of both the structure and the fluid. Numerical examples
with circular containers are presented.

I. Introduction

TO date, modeling nonlinear fluid sloshing in partially filled con-
tainers that are coupled to large-displacement structures has

been treated approximately. Large amounts of the work deal with
prescribed motion of the container, linearizations of the sloshing ef-
fects, or other simplifications. In this respect, finite differences,1"6

finite elements,7'10 and boundary element methods (BEM)11"26

have been employed. Other simplified approaches can be found in
Refs. 27-31. Also see Refs. 32-34 and the approximate approach
in Ref. 35.

The main problem of coupling the equations of motion of a fluid
with the equations of motion of a rigid container (coupled to a
structure) is the complexity of the resulting set of equations. In this
work, a closed-form coupling of both sets of equations is accom-
plished (without simplifications) by means of solving a pressure
boundary-value problem for the instantaneous interaction pressure.
Also, boundary conditions for the interaction pressure for the case
of curved container walls are presented.

All nonlinearities inherent in the dynamics of the structure are
taken into account; material and geometric nonlinearities can be
considered. The fluid may be modeled with the Navier-Stokes equa-
tions or as potential flow.36 However, only the potential flow model
with modified Rayleigh damping is addressed in this work. All non-
linearities due to boundary conditions or sloshing effects are consi-
dered.

The end result of this methodology is a set of first-order differ-
ential equations for the motion of both the structure and the fluid.
Numerical examples (two-dimensional) for the case of rigid circu-
lar containers are presented. This work complements previous work
by the authors; see Ref. 37 for a formulation using the incompress-
ible Navier-Stokes equations and experimental results justifying the
methodology.

The paper will proceed by providing the mathematical formula-
tion of the method followed by numerical examples and conclusions.

II. Mathematical Model
A two-dimensional rigid circular container carrying a fluid (Fig.

la) will be used as reference for the description of the methodology;
the case of an arbitrarily shaped container can be built analogously.
The derivations are also valid for the three-dimensional case. There
are three steps involved in coupling the motion of the fluid and the
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structure36'37: 1) finding the equations of motion for the structure as
functions of the pressure field (Fig. Ib), 2) building a field equation
for the pressure (in the fluid domain) as a function of the accelera-
tions of the moving frame attached to the container, and 3) coupling
these two sets of equations, provided a numerical solution for the
pressure has been found.

A. Equations of Motion for the Structure
No details are given in obtaining the equations of motion for the

structure. These can be found by any suitable method. We assume
the equations are written in terms of the minimum set of indepen-
dent coordinates; therefore, no constraint equations are involved;
the methods in Refs. 38 and 39 are recommended. The discretized
set of equations of motion can be put in the following form36'37:

{QS}nxl=[C]nxn{Us}nxl

(1)

(2)

where n is the number of independent generalized coordinates Qs
and speeds Us. Matrices [M] and [C] are the mass and kinematic
matrices. Vector {/} involves forcing terms not caused by the pres-
sure /?, whereas Fx, Fy, and Mz are components caused by p. In
the context of Ref. 38, matrix [D] contains components of partial
velocities. Equation (1) will be revisited when building the coupled
equations for the fluid-structure system.

B. Boundary Value for the Interaction Pressure
Before building the boundary value for the interaction pressure,

the velocity potential 0 has to be determined.

1. Velocity Potential
The boundary-value problem is36-40

in

> = known on

—dn on

(3)

(4)

(5)

(see nomenclature in Fig. 2), where 0 and the absolute velocity V of
fluid particles are related by the expression V = V</>. Vector U is the
translational velocity, and 17 is the angular velocity of the moving
frame F attached to the container. Vector s is the position of the
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rigid or flexible bodies

a) Problem statement b) Structure free-body diagram
Fig. 1 Fluid-structure system.

vector normal to page
y

Newtonian frame
wet surface

Fig. 2 Fluid nomenclature.

fluid particle as seen in the moving frame, and n is the normal to the
surface. Using the BEM to solve for 0, the discrete equations are

Array {$} stores both nodal values of the potential 0 on the wet
surface Sw and nodal values of the normal derivative of the potential
on the free surface S/. Velocities are found by numerical differen-
tiation.

2. Field Equation for the Pressure
Starting with Euler's equation of motion with modified Rayleigh

damping41 and assuming constant body forces, the following field
equation for the pressure is obtained:

V2p = -i in f (7)

where p is the density and V is the modulus of V (see details in
Ref. 36).

3. Boundary Conditions for the Pressure
On the free surface Sf, the following dynamic boundary condition

holds:

p = 0 on (8)

The pressure is arbitrarily set to zero without affecting the dynamics.
Surface tension effects are not considered. On the wet surface Sw,
the physical condition stating that fluid particles cannot pass through
the walls results in the following kinematical condition:

u - n = 0 on Sw (9)

where u is the local velocity of the fluid particles (as seen in the
moving frame F). Noticing that the components of both u andn are
referred to the moving frame, differentiating Eq. (9) with respect to
time results in

(u -f ft x u) - n + u - (n' x n) = 0 (10)

(Fig. 3), where H' is the total angular velocity of frame G attached
to a fluid particle. Frame G slides on a curved wall, as shown in
Fig. 3. It can be shown that

i' = n + (u/R)k (ii)
where u is the modulus of M, R is the radius of curvature (arbitrarily
taken as positive if the center of rotation is on the side of the fluid),

N__
Newtonian frame N

moving frame
(attached to container)

vector normal to the page

fluid particle

container wall

Fig. 3 Nomenclature for curved container walls.

and k is a unit vector normal to the page. After simplifications,
Eq. (10) transforms to36

-n = -(u2/R) on (12)

The term ii appearing in Eq. (12) is the total acceleration (local plus
convective) of fluid particles as measured in the moving frame F.
Equation (12) has to be combined with the equation of motion of
the fluid to obtain a boundary condition for the pressure. Euler's
equation of motion with modified Rayleigh damping is36-37

pV = -Vp + pf - p\m (13)

where/ is the body force per unit mass, JJL is a Rayleigh damping
coefficient, and Vis the absolute (local plus convective) acceleration
of fluid particles. Equation (13) can be rewritten as

p[U + M

= -Vp + pf - pirn (14)

where U and a are the translational and angular accelerations of the
moving frame F, respectively. Combining Eqs. (12) and (14), the
following equation is obtained:

*L -
dn ~

i— on (15)

Except for U and a, all terms on the right-hand side are known.
Notice that both U and a are linear functions of the Us used for de-
scribing the configuration of the structure. Therefore, the boundary
condition for the pressure on Sw can be rewritten as

(16)

where b and the row matrix [E] are functions of the Qs, the Us, the
fluid properties, and the kinematics of the moving frame. As before,
n is the number of generalized coordinates describing the structure.

4. Numerical Solution for the Pressure
The boundary-value problem for the instantaneous interaction

pressure is given by Eqs: (7), (8), and (16). Observe the linear rela-
tionship between p and the U5. Using the BEM to solve for /?, the
discretized equations are

where column matrix [P] stores nodal values of the pressure (or its
normal derivatives) on the fluid boundaries. Matrices {G} and [B]
appear naturally in the discretization process. It can be shown that
matrix [K] in Eq. (17) is the same as matrix [K] in Eq. (6), provided
the same mesh of boundary elements is used for solving for 0 and p.
Reusing the earlier factorized matrix [K] (assembled when solving
for <t>) and using a standard solver with n + 1 load cases, Eq. (17) is
solved for p (as function of the accelerations Us\ yielding
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This expression can now be used to build the instantaneous inter-
action forces (as function of the accelerations of the system). See
more details in Ref. 36 and a more efficient solution to the pressure
equations in Ref. 41

C. Coupling the Equations for the Fluid-Structure System
The final step in building the equations of motion for the fluid-

structure system involves coupling Eq. (18) with Eq. (1). Fx, Fy,
and Mz in Eq. (1) are given by

(Fx,Fy)= f pndS
v S\y

s x pndS=k- f
Jsu

(19)

(20)

Using the nodal values of the pressure [Eq. (18)], Eqs. (19) and (20)
are evaluated numerically, yielding

(21)

3 x 1

Putting this last equation into Eq. (1) leads to

and after rearranging, the following is obtained:

[Mf]nxn{Us}nxl = {Jf}nxl

where the new terms are

xn = [ M ] n x n - [ D ] n x 3 [ H ] 3 x

(22)

(23)

(24)

(25)

Equations (2) and (23) are the resulting set of explicit equations of
motion for the coupled system and can be used with an assortment
of integration schemes. However, solving Eqs. (2) and (23) allows
updating the configuration of the structure only. Expressions for
updating the configuration of the fluid must be developed.

D. Updating the Configuration of the Fluid
1. Updating the Position of the Free Surface

The approach labeled method III in Ref. 42 was implemented
for updating the position of the free surface. Accordingly, the local
velocity of computational nodes ucn is

um = K(sp - (26)

where K is a positive constant, sp is a preferred position along
the arc, s is the current position along the arc, and un is the normal
component of the local velocity u. Vectors t and n are the normal and
tangent vectors on the free surface. The value of sp was obtained with
the equal-length-element criterion.42 The corresponding absolute
velocity of computational nodes Vcn is given by

This absolute velocity is necessary for updating the position of the
free surface, as shown in the next section.

2. Updating the Value ofcj) on the Free Surface
In the most general case, the rate of change of the velocity po-

tential of a computational node moving with absolute velocity Vcn
is given by

(28)

Deriving a Bernoulli's equation by integrating Eq. (13) and com-
bining it with Eq. (28), the following is obtained:

D</> 1
D7 = ~2 fxx + fyy - i (29)

where fx and fy are the global components of/, Jc and y are global
components of the free-surface position, and L is a potential such
that VL = u (see derivations and a discussion on the use of potential
L instead of (/> in Ref. 36; see a discussion on obtaining initial values
for 0 on the free surface in Ref. 42).

£. Resume of Formulas
Letting Y = (Us, Qs, </>, x, y)T be the configuration of the fluid-

structure system, the explicit set of equations of motion for the
coupled system is

Y = F(Y) (30)

where Y and F(Y) are

Y =

a

Dy
DtJ

(31)

- jjiL + V0 • Vcr

Ucn 'j

where 0 is the solution of the boundary-value problem:

V2<f) = 0 in Vf

$ = prescribed on Sf
36— = (U + H x s) • n on Swon

Matrices [M1] and [/'] are built by solving for p:

V2p = --pV2(V2)

p = 0 on

in

on

Vector Vcn is built with the selected ucn, and potential L is found as
explained in Ref. 36.

III. Numerical Examples
Three examples are presented illustrating the broad applicability

of the methodology. In all cases, the BEM was implemented for
solving the velocity potential and the pressure. No details are given
on the numerical implementation of the BEM equations (see Ref. 43
for general details and Ref. 16 for details on handling the singularity
of the velocity potential at the points where the free surface touches
the walls). The pressure solution also has a singularity at the corners
where the free surface touches the walls. It is the experience of
the authors that this singularity has no influence on the coupled
equations of motion [matrices [Mf] and [7 '] in Eq. (23)] . The volume
correction and smoothing techniques were implemented using polar
coordinates as described in Ref. 42.

In all examples, a fourth-order Runge-Kutta method was em-
ployed to integrate the equations and constant K in Eq. (26) was
taken equal to l/h, where h is the time step.
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A. Spring-Damper-Mass System
Figure 4a shows the nomenclature for the first example. The radius

of the container was/? = 0.5m, the density of the fluid was p = 1000
kg/m3, and the container was 50% filled. The Rayleigh damping
coefficient was taken as 5% of the critical value.15 Body forces per
unit mass were taken as / = (0, —9.8) m/s2. Two nondimensional
parameters were identified:

Yi = Mf/MCt Pi = wf/wcf (32)
where Mc is the mass of the container and Mf is the mass of the fluid.
The linear frequency of the fluid wf (Ref. 44) and the frequency of
the equivalent rigid-cargo system wcf are given by

b)
Fig. 4 Spring-damper-mass system.

where D is the container's diameter, g is the acceleration of grav-
ity, and K is the spring constant. The equations of motion for the
structure are

Fx (34)

(35)

(Fig. 4b), where C is taken equal to 5% of 2J(KMC) and Fx is the
interaction force due to the pressure. Solving for the 0 and for p,
the following is obtained [Eq. (18)]:

(36)

r lMl (37)

Combining Eq. (34) with Eq. (37), the coupled equation of motion
for the fluid-structure system is obtained [Eq. (23)]:

which is employed in Eq. (19) to obtain

(Mc - Fxl)Ui = -Cm - Kqi + FxQ (38)

Fixing the values of Mc, y\ and ft, parameters Mf, wcf and K
can be calculated. Figure 5 shows the plots of the position of the con-
tainer for the cases Mc = 500kg,yi = 5.0, and ft =0.5, 0.75,1.0,
and 1.1. The plots also show the solutions for the corresponding
equivalent rigid-cargo cases. As expected, for small values of y\ the
responses of the system were close to the response of the equivalent
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0.00
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Fig. 5 Results for spring-damper-mass system.
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tion of the accelerations [Eq. (18)] and integrating p [Eq. (19)], the
following is obtained:

Fig. 6 Results for spring-damper-mass system.

massless
b)

Fig. 7 Simple vehicle model.

rigid-cargo system (the structure drives the fluid), and they are
not presented here. In all cases shown, the initial conditions were
ql = 0.05 m and u\ = 0. Figure 6 presents computer-generated plots
showing the coupled system in motion for y\ — 5.0 and f$\ = 0.5
at selected times; also shown are the local velocity vectors. Al-
though the motion of the fluid is highly nonlinear, the plot in Fig. 5a
shows that the gross motion of the system resembles a two-degree-
of-freedom system validating early approaches in which the fluid
is modeled by an equivalent spring-mass system.45 A similar study
for a rectangular container can be found in Ref. 36.

B. Simple Vehicle Model
Figure 7a shows the nomenclature for a simple vehicle model.

The radius of the container was R = 0.5 m, the density of the fluid
was p = 1000 kg/m3, body forces were/= (0, —9.8) rn/s2, and the
Rayleigh damping coefficient was taken 5% of the critical value. The
container was 50% filled. For the structure, the spring constant was
K = 500,000 N/m and C was 5% of the critical value 2J(KMC),
where Mc is the mass of the container. A simple control force Fc
was modeled as

(39)

where D is a given constant and U{ is a command velocity taken
as D = 60 N • s/m and U\ — 15 m/s, respectively. The road was
modeled as

= f(q\) = A2 cos(w2qi) (40)

where AI = 0.1 m, w\ = 27T/40 rad/m, A2 = 0.001 m, w2 = 2n/5
rad/m, and S\ — 0.002. The equations of motion for the structure are

(41)

(42)

(43)

(44)

Mcu2 = -Mg - C(u2 - q3) -K(q2-q3- qQ) + Fy

q\ = MI

q2 = u2

(Fig. 7b), where q^ — 0.5 1176 m is the zero-force length for the
spring, q3 = f'(qi)ui, and the interaction forces due to the fluid
pressure are Fx and Fy. Solving for the interaction pressure as func-

Fx = FxQ +

Fy = FyQ +

Fx2u2

Fy2U2

(45)

(46)

Combining these equations with the equations of motion for the
structure, the equations for the coupled system are [Eq. (23)]

c-Fxl -FX2 1
-Fy2 Mc-Fy2\

-Mg - C(u2 - fa) - K(q2 -q3- qQ)
(47)

Two cases were studied. In both cases, the total mass of the cou-
pled system was kept equal to 600 kg by controlling the width of
the container (perpendicular to the page). In case 1, the mass of the
container was Mc = 482.2 kg and the width of the container (nor-
mal to the page) was set to E = 0.3 m to have a total mass of fluid
Mf = 117.8 kg. In case 2, the mass of container and fluid were
Mc = 207.3 kg and Mf = 392.7 kg, respectively. The mass ratios
were

Mf/Mc = 0.24

Mf/Mc = 1.89

(48)

(49)

in cases 1 and 2, respectively. The limiting case of the rigid cargo
(by setting Mf = 0) was also integrated for comparison. Figures 8a
and 8b show the plots of q2 and u\ as function of time, respectively.
Figure 8c shows plots of the free-surface position at the right wall.
Figure 9 shows three computer-generated plots at selected times of
the motion for case 1; the plots show the free-surface position and
the local velocity vectors.

C. Robot Doing Maneuver
Figure 10 shows the nomenclature for the final example. This is a

three-rigid-link robot with translational capability. The data for the
fluid were p = 1000 kg/m3,/ = (0, -9.8) m/s2, and the Rayleigh
damping coefficient was taken 5% of the critical value. The radius
of the container was R = 0.3 m, and the width normal to the page
was E = 0.5 m. The container was 50% filled.

The masses were MI = 60 kg, M2 = 10 kg, and M3 = 10 kg (con-
tainer without fluid). The inertias were I2 = 0.83 kg • m2 and /3 = 0.9
kg • m2. The length were gi = 1.5 m, g2 = 1.0 m, and #3 = 0.5 m.
The centers of gravity of bodies 1 and 2 were at the center of the
bodies, respectively. The center of gravity of body 3 was at the origin
of frame F. The control forces were modeled as

Fi =-Dim - Ki(qi - Qi)
Tl=-D2u2-K2(q2-Q2) + C2

T2 = -D3u3 - K3(q3 - Q3) + C3

(50)
(51)
(52)

The damping and stiffness terms were D\ = 200 N • s/m, D2 =
1200 N • m - s/rad, D3 = 500 N - m • s/rad, KI = 100 N/m, K2 =
600 N • m/rad, and K3 = 200 N • m/rad. The constant terms were
C2 = 990 N • m and Cs = 395 N • m. The command positions were
Qi = 3.0 m, Q2 = 0.5 rad, and S3 = 0 rad.

The equations of motion of the structure [Eq. (1)] and the coupled
equations [Eq. (23)] were obtained using Mathematica and then
pasted into the main code. The Kane and Levinson approach38 was
employed to obtain the equations of motion of the robot. Initial
conditions were q\ =0 m, q2 = —l.2 rad, #3 = 0 rad, and zero
initial velocities. The time step was h = 0.0025 s. The rigid-cargo
case was also studied for comparison; in that case (assuming the
fluid is rigid), we have M3 = 80.7 kg and 73 = 2.49 kg • m2.

Figure 11 shows selected computer-generated plots of the robot's
configuration at selected times. Figure 12 shows plots ofq\,q2, and
#3 as functions of time; the results for the rigid-cargo case are also
shown.
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Fig. 8 Plots for a simple vehicle model.
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Fig. 10 Robot model. Fig. 11 Plots of robot model.
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Fig. 12 Results of robot model.

IV. Conclusions
A method for modeling fluid-structure interaction problems has

been presented. The coupling of equations was possible after build-
ing a boundary-value problem for the interaction pressure and ob-
serving the linearity of the pressure with respect to the accelerations
of the moving frame attached to the fluid domain. This work com-
plements previous work presented by the authors in which the case
of the rectangular container was investigated. In this work, boundary
conditions on the wet surface for the pressure problem, for curved
container's walls, were derived.

The closed-form approach for coupling the equations of motion
is general and has wide applicability. The incompressible Navier-
Stokes equations with other numerical solutions techniques (such
as finite differences) can be implemented.
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